Abstract-This brief describes the mathematical model for shape memory alloy (SMA) actuator based on the physics of the process and presents a model-based sliding mode control (SMC) law. It is noted that only the contraction displacement can be obtained by the encoder. Whereas the unmeasured states can be estimated using an unscented Kalman filter (UKF) algorithm based on the nonlinear mechanism model. The comparisons between SMC incorporated with an UKF and SMC show that the tracking results of the proposed method is better than the previous one. Meanwhile, the load disturbance rejection result verifies the proposed controller has the ability to compensate the disturbance and ensure the robust stability property.
I. INTRODUCTION
Shape memory alloy (SMA) is a sort of metallic materials which have the ability to return to predefined shape or size when subjected to appropriate thermal procedure. It demonstrates two distinct thermo-mechanical behaviors, namely, shape memory effect and superelastic effect. These behaviors owe to transformation between solid-to-solid phases, which are martensite, lower temperature phase, and austenite, higher temperature phase.
SMA has attracted great attention as intelligent material with the unique properties, such as high force-to-mass ratio, light weight, bio-compatibility, clean and silence operation when compared to conventional actuators. It has successfully been applied to various fields, ranging from aerospace [1] and robotic surgical instrument [2, 3] , to robotics [4] and vibration control [5] . However, SMA has some undesirable properties as well which hampers its applications, such as low energy efficiency, low bandwidth due to the slow air cooling speed and difficulty to achieve the precise control. The major reason affecting the precise control is the SMA characteristics of nonlinearity, hysteresis, highly temperature dependent and difficulties in measuring the system states variables such as martensite fraction and temperature. This paper will mainly focus on the controller design of SMA actuator system and ensure the precise control.
It is well known that the control accuracy totally depends on the mathematical model of SMA. A lot of mechanism models have been built to describe SMA thermomechanical characteristics [6] , in which the distribution of martensite and anstenite was regarded as variable sublayer distribution when the temperature or stress that exerted SMA was changed. Tanaka [7] developed thermomechanical constitutive equation and the transformation kinetics. MH Elahinia and M Ahmadian [8, 9] modified the SMA model according to the experimental results and the enhanced model can predict the behavior of SMAs under complex conditions. Some phenomenological models have also been used to model the SMA behavior, such as Presiach model [10] , Prandtl-Ishlinskii model [11] .
Though there are too many models to depict the thermomechanical behavior of SMA, the contributions on mechanism modeling and control are fairly few. Jayender et al. [12] described the model of SMA actuator and developed two controller-PID and ∞ .The experimental results show the accurate tracking of the reference trajectories in the air, water and milk. Despite of the merits, the design of controller is based on the model that has been linearized and does not consider the model uncertainties. Moallem, M. and Tabrizi, V. A. [13] developed an inversion-based control scheme with time-varying gains, and it is the first time to address the torque regulation for SMA actuator. Though the model only needs approximate parameters of the dynamics, the external disturbance did not have to be considered. Recently, plenty of researches [14, 15] have employed the phenomenological model to achieve the SMA actuator control. Generally, the inverse model, which is applied to cancel out hysteresis, is used to construct the feedforward control and feedback control is employed to improve the system stability. Although the method is effective, the phenomenological model can't completely describe the system dynamics when the system is subjected to external disturbances, and inevitably the output tracking may deteriorate and the stability may not be ensured.
In this paper, we present the mechanism model that include four parts of dynamics equations, which are heat transformation model, phase transformation model, the constitutive model relating the stress to martensite fraction and mechanical model. Sliding mode control (SMC) will be employ to control the SMA actuator in order to deal with the model uncertainties and parameters variations. To achieve a better control performance, an unscented Kalman filter (UKF) algorithm will be used to estimate the system states.
The rest of the brief is as follows. In Section II, the experimental setup is introduced. A mathematical model of SMA actuators is described in Section III. The controller design is developed in Section IV. Experimental results are presented in Section V. The conclusion is summarized in the last.
II. EXPERIMENTAL SETUP An experimental prototype of SMA actuator and a picture of the apparatus for measurement and processing the data are shown at Fig. 1 and Fig.2 . The one side of the SMA wire, the diameter is 0.25mm and the length is 340mm from the Nitinol Flexinol of Dynalloy, Inc, is linked with a load cell by an auxiliary part of high temperature resistance. And the other side of the wire is connected to a load via a nylon rope twining around an axis. The load is applied to drive the SMA wire to return to the initial position when the SMA is cooling. A single-ring absolute encoder (CHA38B10-12B), which is assembled with the axis, can be used to measure the deformation quantity of SMA actuator. When the SMA wire is inspired by the current, the active contraction force of the SMA wire is measured by the cell load. The feedback signal of the displacement is back to IPC through a beckhoff terminals (EL6001). The control current that is applied to the SMA wire is obtained from the beckhoff terminal (EL3162) and a V/I converter. The sampling time is set to 0.005s in all experiments. 
III. MATHMATICAL MODELING
The models based on the physics of the process have been investigated in [6, 7, 16, 17] . In this work, the model of SMA actuator system consists of four dynamic equations including the temperature dynamics based on thermal energy conservation equation, phase transformation equation between martensite and austenite, SMA constitutive law and the mechanical dynamics.
A. Heat Transfer Model
SMA is the material that is inspired by the temperature. The current is the most direct and simple method to heat the material. According to the thermal energy conservation, the input energy of current is divided into two part, one is for the increasing the temperature of SMA, and another is cooled by the air. So the relationship of input current and temperature of SMA is as follow.
( )
where m is a mass per unit length, cp is a special heat constant, T is the temperature of SMA wires, R is a resistance per unit length, i is the current applied to the SMA wires, Ac is the circumferential area of SMA wires, h is a heat convection coefficient; Ta is the ambient temperature. 
B. Phase Transformation
SMA exhibits the different crystal structure at different temperature state, namely the martensite phase at lower temperature and the austenite phase at higher temperature. The transformation from austenite to martensite is called forward transformation, while the transformation is termed with reverse transformation from martensite to austenite. There are four key characteristic parameters in the process of phase transformation, austenite start temperature ( s A ), austenite finish temperature ( f A ), martensite start temperature ( s M ), martensite finish temperature ( f M ).The phase transformation results in the hysteretic behavior. The relationship between martensite phase fraction ( m R ) and temperature is given by:
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where α and β can be expressed as follow:
In the initial state, considering the material is all at the ambient temperature state, the parameters values are as follows:
C. SMA Constitutive Law From the microscopic point of view, though the martensite phase and the austenite phase are randomly full of the whole space in the material, the distribution of phases may be considered as variable sublayer mode from the macroscopic point of view [6] . When m 0 R = (full austenite), due to its mechanical property of complete elastic body, the relationship between stress and strain is given by:
where A σ is the stress in the full austenite state, A E is the austenite Young's Modulus, ε is the strain of the alloy.
However, for m 1 R = (full martensite), the relation can be wrote by:
where M σ is the stress in the complete martensite state, M E is the martensite Young's Modulus, ε is the strain of the alloy, my ε is yield strain of martensite phase.
Combining (5) with (6), the relationship of stress to strain can be considered as follow:
D. Dynamics The dynamics can be established based on Newton's law and moment of momentum theorem. 2 1
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where 2 w i r e T A σ = is the SMA contraction fore, wire A is cross-sectional area of SMA wire, r is the radius of the rotating axis, T1 is the tensile force from rope, c is the damp coefficient, J is the moment of inertia of rotating axis, x is the contraction displacement of SMA wire, ml is the load mass, g is the gravitational acceleration . 
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where
is the stiffness of SMA wire; 0 l is the SMA whole length in the complete austenite phase; is the SMA maximal contraction length, which is approximately 4% of the whole length in the complete martensite phase.
IV. SMC DESIGN

A. SMC
From the Eq.(11), the SMA actuator model can be described in state equation as follows:
( ) 
where x1, x2, x3 represent the output displacement, velocity and acceleration, respectively;
(T) and b(T) can be expressed by:
( ) x t can be described by:
where [ ]
is the system states vector, ( ) f x and ( ) b x can be expressed:
The error e is defined as the deviation between the output displacement 1 x and reference displacement d x .
The sliding mode surface s is defined as follow: 
where λ is positive constant. In order to determine the control law and guarantee the state stable, the differential of s is set as 0, that is 0 s = .
Therefore, the control law can be obtained as follow:
where ( ) f x and ( ) b x are respectively the estimation of
K is a gain parameter which ensures the system can approach the sliding surface in the finite time; ( ) sat s φ is the saturation function, φ is the boundary layer thickness, which trades off chattering and the control accuracy, the, the saturation function is defined as:
However, the states x2, x3 are unmeasurable. Therefore, UKF is employed to estimate the system states. UKF is a general filter algorithm that is applied to deal with the nonlinear system. The unscented transformation (UT) is the basics to achieve the UKF algorithm. The essence of UT utilizes the distribution of a finite set of "sigma points" Which captures the posterior mean and covariance accurately to the 3rd order (Taylor series expansion) for any system that the state distribution is approximated by Gaussian random variable (GRV) [18] to approximate probability distribution of random variable. UKF algorithm consist of two parts, i.e., prediction and update.
Beforehand, we will first discretize the state equation in Eq. (12) ( ) ( )
where yk is output vectors at time k, respectively; 1 k f − and k h are the nonlinear discrete-time process and measurement model, respectively; wk and vk are the process and measurement noise vectors, respectively, which are both assumed to be Gaussian white noise and satisfied, ( )
. The detail process of UKF can be found in [18, 19] .
V. EXPERIMENTAL RESULTS
A. Parameter Identification
In order to get an accurate model, it is very indispensable to estimate the system parameters. The estimated parameters include special heat constant (cp), heat convection coefficient (h), damp coefficient (c), the moment of inertia (J) and the transformation temperatures ( s A , f A , s M and f M ). The identification process is divided into two parts [20] . In the first step, a lower frequent sinusoidal excitation signal (frequency is 1/800Hz, amplitude scope is 0 to 0.4A) is applied to SMA actuator system used to estimate the thermal transformation temperature and heat convection coefficient. 
B. Experimental Results for Closed-loop Control
In this section, we compare the trajectory tracking results between the SMC together with UKF and conventional SMC in sinusoidal references trajectories of different frequency, and proof the effectiveness of the proposed method. The comparison results are exhibited in Fig. 6-9 . The SMC parameters are set as:
Fig . 6 depicts the experimental comparison results from the sinusoidal reference trajectory of 15Hz. Fig. 6 (a) shows the tracking results of different controller. It can be indicated that the tracking result was better when the SMC together with UKF is applied to this system. With the state estimation, the SMA can obtain much better output tracking results, especially when the temperature decreases. Fig. 6(b) shows the tracking errors of these two controllers. With the SMC together with UKF, the maximum tracking error is 0.4139 mm. The traditional SMC, however, the maximum tracking error is 2.476 mm. In order to further verify the performance of the proposed method, different sinusoidal reference trajectories, whose frequencies are respectively 1/10Hz and 1/20 Hz, are applied to this system. The tracking comparison results are shown in Fig. 7-8 . The results indicate that the SMC together with UKF method performed much better than the traditional SMC, and the maximum tracking error is always lower than 0.5 mm. However, the tracking errors of traditional SMC are always worse than the proposed, and the maximum tracking error is higher with the frequency increasing.
C. Disturbance Rejection
To verify the disturbance rejection ability of the proposed method, the load is increased to 650g at 25th second; then 50g load is removed from the system at 50th second; an unknown instantaneous vertical force is suddenly imposed on this system at the 90th second. The tracking result is shown in Fig.  6 . It can be found that the proposed method exhibits good disturbance rejection and ensure satisfactory robust stability performance. 
VI. CONCLUSION
This paper proposed a SMC controller together with UKF to control an SMA actuator. The mechanism model, which include heat transfer model, phase transformation, constitutive law and dynamics, is constructed. A model-based SMC controller is designed to tack the desired trajectories and compensate the system uncertain. UKF is adopted to estimate the unmeasured state variable. The experimental results indicate that the proposed method can effectively track the reference trajectories in various experimental conditions. Moreover the results are also compared with a general SMC controller. A much better performance has been achieved by the use of the proposed controller. Furthermore the disturbance rejection experiment has been conducted in this system. The results verify that the proposed control method exhibits satisfactory disturbance rejection ability and ensures the system robust stability.
